Abstract-The digital waveguide mesh is a method for simulating wave propagation, for example, in an acoustic system. Research on the boundary conditions has been going on for years, but adequate solutions for absorbing boundaries have not yet been presented for the digital waveguide mesh. In this work, a new method for constructing absorbing boundaries for a two-dimensional (2-D) rectangular mesh is introduced. With the use of the proposed numerically optimized spatial filtering with an interpolated mesh structure, the reflection was diminished to under 25 dB at incidence angles 79 26 on a frequency band limited only at the very lowest and highest ends.
I. INTRODUCTION
T HE digital waveguide mesh is a finite difference time-domain modeling technique, which provides a numerical solution to the wave equation in multiple dimensions, and thus, it has the benefit of including diffraction and interference effects into the model [1] - [3] . The method has been extended to two and three dimensions from the digital waveguide method used for one-dimensional (1-D) simulation of musical instruments, such as plucked string instruments and woodwinds [4] .
The original rectangular mesh suffers from direction-dependent dispersion [1] , [2] . This can be reduced by using different mesh topologies or interpolation and frequency warping techniques [5] . These methods enhance the behavior of the mesh as a model of wave propagation in a homogenous medium. The dispersion error also affects the reflections at the boundaries.
Approximation methods of reflecting boundary conditions have been evaluated in a previous study [6] . For practical simulation of acoustic spaces, a controllable boundary model is needed, which allows arbitrary frequency-dependent reflection. Absorbing boundaries are needed for mesh truncation, when calculations of infinite space are made using finite mesh sizes. In this case, maximal absorption is needed at all angles of incidence.
The original absorbing boundary condition is known to give rise to unwanted reflections [3] . Subsequent improvements were based on a Taylor-series expansion [7] , but they, too, had the drawback of a limited incidence angle. The new method introduced in this letter is based on expanding the area of calculation using spatial filtering at the boundary. The weighting coefficients are optimized numerically. In Section II of this letter, the topology of the rectangular digital waveguide mesh is briefly described. The theory of absorbing boundaries is discussed in Section III. Simulation results are presented in Section IV using the interpolated rectangular mesh in two dimensions. Section V concludes the paper.
II. INTERPOLATED MULTIDIMENSIONAL WAVEGUIDE MESH
A multidimensional rectangular digital waveguide mesh is a regular array of nodes arranged along each perpendicular dimension, interconnected by 1-D digital waveguide segments. A difference equation for the nodes of an -dimensional rectangular mesh is [3] (1) where represents the pressure at a junction at time step , subscript denotes the junction to be calculated, and index denotes its axial neighbors. In the interpolated mesh, there are also connections from a node to all its diagonal neighbors. As a result, the direction dependence of dispersion error created in the rectangular mesh is effectively diminished. A difference equation for the nodes of a two-dimensional (2-D) interpolated rectangular mesh is (2) where are the weighting coefficients for each node [5] . The dispersion behavior of the model could be improved further by frequency warping [5] . The warping technique was not used in the simulations and optimizations run for this letter, but the optimized solution was also tested with the frequencywarped mesh.
III. ABSORBING BOUNDARY CONDITIONS IN THE DIGITAL WAVEGUIDE MESH

A. Previous Methods
The basic absorbing boundary condition is constructed by adding one extra node outside the mesh. The equation for up-1070-9908/$20.00 © 2005 IEEE dating the node value is derived from the discrete boundary condition of the acoustical pressure (3) where subscript denotes the additional boundary node, and subscript 1 represents its perpendicular neighbor on the edge of the mesh [3] . The two terms on the right-hand side in (3) represent the sound pressure in front of the boundary one time step ago and the sound pressure reflected from the boundary two time steps ago, respectively. Hence, with reflection coefficient value , the last term is absent, and we get the basic absorbing condition (4) It has been noticed in simulations that better absorption is needed for creating an adequate nonreflecting boundary [6] . One proposed solution is to approximate the wave equation in the form of calculating the boundary node value as a Taylor series of the past value of the node next to the boundary [7] (5) where is the temporal step size. The basic boundary condition (4) is equal to the zero-order solution of the series (5). In a previous study [6] , the second-order Taylor-series approximation (6) proposed by Murphy and Mullen [7] was chosen as the reference. Two additions and three multiplications are required for each boundary node per sample.
The main problem of both one-way approximation methods is their high dependency on the incident angle of the pressure wave. As the solution of the derivatives in (5) is 1-D, only the direction of incidence perpendicular to the boundary is considered.
B. New Method
As a new solution, we introduce a spatial averaging filter in the calculation of . In addition to the values of the nodes on a line perpendicular to the boundary, their nearest parallel neighbors are also considered. Good results have been obtained by using three perpendicular nodes and the parallel neighbors of the two nearest to the boundary (7) where the subscripts of stand for the node coordinates, as indicated in Fig. 1, and , , , , and are the axial and diagonal filter coefficients. For the calculation, six additions and five multiplications are needed for each boundary node per sample. The use of the parallel neighbors of and the parallel node pairs one step further from and were tested in many combinations, but the results were not considerably improved. The values for the coefficients were optimized numerically for minimum reflection, as explained in Section IV.
IV. SIMULATION SETUP AND RESULTS
Simulations were executed in a 2-D rectangular interpolated mesh of 600 300 junctions. The mesh was initialized with a unit impulse filtered with the transfer function , as suggested by Karjalainen and Erkut [8] , at the point (280,18), and the simulation was run for 390 time steps. The receiver was located at the same distance from the boundary as the source, as indicated in Fig. 1(b) . This way, the distance between the source and receiver was varied between 0 and 320 spatial sampling intervals, corresponding to the incidence angle . The level of the signal radiated directly from the source to the receiver was subtracted from the reflected signal. To resolve the absorption of the boundary, the resulting signal level of the reflection was compared to the level of a freefield signal that had passed the same distance in an unbounded mesh as the reflected signal had travelled from the source to the receiver, as illustrated in Fig. 1(b) . The right half of the Hanning window function was used for windowing the last half of the received signal to avoid the truncation error in calculation of the spectra.
In Figs. 2-4 , presenting the simulation results, a contour line is drawn at dB, which corresponds to the absorbance of the walls in a regular anechoic room and was, therefore, chosen as the goal of adequate absorption. When using the basic absorbing condition (4), the simulation resulted in the reflection magnitude shown in Fig. 2 . It is seen that sufficient attenuation is obtained only for some frequencies for values of the angle of incidence . Simulating the performance of the second-order Taylor-series solution gives the result shown in Fig. 3 . It is seen that the area where the reflection magnitude is less than dB has grown remarkably, but still, the reflection is too large at incidence angles . As the optimization objective was to maximize the absorption, the sum of the reflected magnitude in decibels was minimized. The sum was calculated over the area bounded by 211 equally spaced nodes within and 213 equally spaced frequency points relative to the sampling frequency. In general, the results obtained with the digital waveguide mesh are valid only up to the normalized frequency . To avoid the influence of arbitrary points of high absorbance, all values below dB were counted in the sum as dB. Optimization was done iteratively using the Nelder-Mead nonlinear algorithm in Matlab. For energy conservation, the sum of the coefficients was constrained at . The initial values of the optimization were , , , , and . The values were chosen to be close to the Taylor-series constants, only giving 10% of the perpendicular node weights to their parallel neighbors. It was noted that the optimization results were highly dependent on the starting values. With these values, the optimization ended up with the best results out of the multiple tested choices.
The optimized coefficient values are , , , , and . The resulting reflection magnitude is shown in Fig. 4 .
The spatial filtering method can be used at relative frequencies in simulations where mesh truncation is needed, or there is other use for the absorbing boundary with dB. At these frequencies, the largest incidence angle, where dB, is . With the use of frequency warping as post-processing for the resulting impulse response [5] , the frequency band is extended to . The same method could be used with different mesh topologies as well. For example, it was tested for a 2-D rectangular noninterpolated mesh. With the same coefficient values, the largest usable incidence angle at the same frequencies was diminished to , restricted by the reflection magnitude at high frequencies. It was noted that by restricting the simulation to relative frequencies , the highest usable incidence angle could be moved further to the value .
V. CONCLUSION
The high dependence on the incident angle has been one of the major drawbacks of the earlier methods of creating absorbing boundaries for the digital waveguide mesh. The optimized spatial averaging filter introduced in this letter has proven successful in solving this problem. The computational cost is about twice as large as in the previously proposed second-order Taylor-series solution, over which a significant improvement is obtained. The memory consumption of the two methods is equal.
